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Abstract

A SNARK [9,10,5,1] is a cryptographic primitive that enables a prover to prove
to a verifier the knowledge of a satisfying witness to a non-deterministic (NP)
statement by producing a proof π such that the size of π and the cost to verify
it are both sub-linear in the size of the witness. If π does not reveal anything
about the witness we refer to the cryptographic primitive as a zero-knowledge
(zk) SNARK. Today, the most succinct SNARKs require pairing-friendly elliptic
curves and trusted setup assumptions as in Groth’16 [6] but in return admit
small, constant-size proofs with a constant-time verification. However, the trusted
setup is specific to the NP statement to prove. Hence, Groth’16 is not suitable in
applications that need to prove many different statements. Fortunately, SNARKs
with a universal or transparent setup are an active area of research and recent
polynomial-commitment-based constructions allow very efficient constructions.
The most efficient universal constructions such as PlonK [4] and Marlin [3] are
based on the KZG polynomial commitment [8], which also requires a pairing-
friendly elliptic curve. Both type of constructions are succinct and thus suitable
for recursive SNARKs, that is proofs verifying the correctness of other proofs.
However, to do so efficiently, one need not only a single pairing-friendly elliptic
curve but a chain of pairing-friendly elliptic curves. An efficient 2-chain was
proposed in Zexe [2], composed of BLS12-377 and CP6-782 curves.

Last year at JC2 and in [7], we introduced a 2-chain of curves made of
the previous BLS12-377 and a new BW6-761 curve, a Brezing-Weng curve of
embedding degree 6 defined over a 761-bit prime field, which we demonstrated to
be orders of magnitude faster than CP6-782. In this work, we first are interested
in families of 2-chains in which the BW6-761 curve would fall. We present a family
of BW6 curves from any BLS12 curve and derive generic formulas, in terms of
the BLS12 curve seed u, and integer parameters ht, hy. We extend this work to
a 2-chain family of BW6 curves from BLS24 curves. To achieve higher levels of
security in the target finite field of the outer curves, we compare a larger field
characteristic thanks to larger parameters ht, hy, to the larger embedding degrees



8 and 12 obtained with Cocks-Pinch curves. Finally, we argue that the BLS12
and BLS24 based families are respectively tailored for Groth’16 and KZG-based
SNARKs recursive proof composition, and we present a short list of curves with
an optimized implementation along with benchmarks.
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